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Abstract—We study a scalar two-agent asynchronous averag-
ing process with bounded discrete communication age. At each
primitive action, one agent replaces its current value by a fixed
convex combination of its own current value and a delayed value
of the other agent, while the other agent holds. A maximum
age D gives an augmented history of dimension M = 2(D + 1).
Every admissible infinite future that reaches consensus induces
a linear functional on that history. Finite-word observability
and minimal realization are established switched-system concepts.
Here the output family consists of asymptotic endpoints; its static
row-space interpretation is elementary and is not claimed as
new. The contribution is a protocol-specific rank theorem. For
every D ≥ 0 and every self-weight θ ∈ (0, 1), we construct
2(D+1) admissible period-two futures whose consensus endpoint
functionals are linearly independent. The future-functional span
is therefore the complete dual of the augmented history space.
Consequently, no nontrivial linear historical compression can
reproduce the consensus endpoint for every admissible future.
The same scalar lower bound holds for continuously differ-
entiable encoders and decoders on a nonempty open set of
independently initialized histories. For complete probability rows
with m ≥ 2 objective coordinates, the corresponding intrinsic
initialized-history dimension is M(m − 1). These counts do
not automatically apply to histories constrained by a preceding
lawful execution. Finally, equality of consensus endpoints under
every admissible future is equivalent to equality of the complete
augmented histories; an affine intervention can therefore achieve
schedule-robust restoration only by exactly repairing the full
history. Exact rational computations corroborate the witness
construction for delays through 12 and six rational self-weights.
The result concerns the declared two-agent recurrence. It does
not characterize larger graphs, packet availability, nonlinear
discontinuous encodings, hardware, or publication priority.

Index Terms—asynchronous consensus, communication delay,
historical state, observability, restoration.

I. PROBLEM

Delayed consensus can agree while retaining information
from states that are no longer current. For a fixed future recur-
rence, the consensus endpoint is one weighted combination of
the initialized delay registers. Under changing asynchronous
update order and changing read age, the weights can also
depend on the future schedule. The resulting question is not
whether consensus occurs. The question is whether the family
of possible future endpoints can distinguish the complete
initialized history.

Let the maximum read age be D. At the start of the modeled
future, supply independently initialized scalar delay-register
histories for two agents. No recurrence constraint is imposed
on the supplied negative-time data. They are not asserted to

HORTRAME Systems. Internal preprint, revised version 02. Human accep-
tance and publication decisions remain separate.

be the image of a preceding execution of the update modes
below. The two histories are

x0, x1, . . . , xD, y0, y1, . . . , yD,

where xs and ys denote values s actions before the cut.
Stack them as

z =
[
x0 x1 · · · xD y0 y1 · · · yD

]⊤
,

z ∈ RM , M = 2(D + 1).

A future schedule σ is chosen independently of these data.
It is called convergent here when its augmented products con-
verge to 1π⊤

σ for every initialized state, with one normalized
row independent of that state. Such a schedule produces a
scalar endpoint

cσ(z) = π⊤
σ z,

for a nonnegative unit-sum row π⊤
σ . Define

ΠD = {πσ : σ is an admissible convergent future}

and the future-functional rank

rF (D) = dim spanΠD.

A single fixed future has rank one. The issue is how large
the span becomes when the future schedule is not fixed at the
cut.

The principal result is

rF (D) = 2(D + 1).

Thus every augmented historical direction is visible to
some admissible future. A controller that must restore the
same endpoint under every admissible future cannot generally
preserve only a current value, a current mean, or one delay-
weighted invariant. In the unrestricted initialized-history model
below, exact restoration for all these futures requires equality
of the entire augmented history. A restricted initialization or
coherent-cut domain can have fewer independent coordinates.

This is a narrow theorem. It is not a general theory of
historical-state complexity. The supplied literature memo iden-
tifies established realization and observability frameworks. The
present note makes the concrete asymptotic rank calculation
and its conditional restoration consequence; it does not claim
a new general framework.
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II. POSITION RELATIVE TO PRIOR WORK

A. Switched-system realization and observability

A family of future outputs generated by products of
mode matrices is an input-output map of a discrete-time
linear switched system. Petreczky, Bako, and van Schuppen
give finite-rank realization conditions, characterize minimality
through span-reachability and observability, and show that min-
imal realizations are unique up to isomorphism [1]. Therefore
the following general statement is established system theory
rather than a contribution here:

The minimum dimension of a linear state that repro-
duces all switched future outputs is the dimension
of the observable quotient.

Reference [1] treats finite-word input-output behavior and
minimality through both span-reachability and observability.
It is contextual prior work, not a direct proof dependency
for this asymptotic-output family. Corollaries 1–2 below use
their own row-space and differential-rank arguments. The
protocol-specific claim is that a finite period-two endpoint
family separates every independently initialized scalar register
direction.

Observability has also been studied directly in consensus
networks. O’Clery, Yuan, Stan, and Barahona relate consensus
observability and coarse graining to external equitable parti-
tions for fixed graph dynamics [2]. That problem concerns
observations of a fixed consensus system. Here the switching
schedule itself selects one endpoint functional from a family.

B. Order-dependent gossip and limit sets

Weighted gossip products can have order-dependent limits.
Chen, Belabbas, and Liu introduce holonomy to characterize
when a weighted gossip process has an order-independent
rank-one limit and characterize the corresponding holonomic
matrix families [3]. Their work also shows that suitable local
stochastic matrices can realize prescribed interior consensus
weights. Bayram, Belabbas, and Başar extend the holonomy
framework to vector-valued gossip and characterize finite limit
structures for noncommuting stochastic products [4]. Later
constructive work designs local stochastic matrices for desired
averaging weights [5].

Those results are close in subject but different in target. We
fix the local averaging weight and delay-line mode structure,
vary only a small family of admissible schedules and read
ages, and ask for the linear span of the resulting endpoint
functionals on the complete initialized delayed history. We
neither characterize holonomic matrix families nor design
matrices for a prescribed weight.

C. Consensus with communication delays

Communication delays are routinely represented by aug-
mented states. Tsianos and Rabbat show convergence for
fixed and bounded time-varying delays and note that a row-
stochastic delayed process generally loses arithmetic-average
preservation [6]. Atay and related delay-consensus work show
that the consensus value can depend on the past history, not
only on the state at time zero [7]. Recent work by Naderi,

Blondin, and Roy derives explicit delay-distribution-dependent
consensus values for uniform and nonuniform delays [8]. The
supplied HORTRAME delayed-priority analysis likewise gives
an endpoint

µσ = π⊤
σ Y

for a future-dependent nonnegative unit-sum functional and
proves convergence under bounded used age, positive weights,
and repeated connectivity [9].

These works establish history dependence or calculate one
functional for a specified delay model. They do not, in the
sources inspected for this revision, prove that a fixed two-agent
delayed asynchronous protocol generates a full-dimensional
span of endpoint functionals as the admissible future varies.

D. Time-varying stochastic chains

Absolute probability sequences generalize stationary left
eigenvectors to time-varying stochastic chains. Parasnis,
Franceschetti, and Touri establish existence, uniqueness, and
uniform positivity under strong aperiodicity and connectivity
assumptions [10]. This provides contextual left-weight ma-
chinery, rather than a theorem application to our augmented
modes. Their shift rows can have zero diagonal entries and
their endpoint rows can have zero coordinates; no uniform-
positivity conclusion is imported. The rank is proved directly
below.

E. Literature-review disposition

The supplied memo rejects a generic-framework contribu-
tion and retains a protocol-specific question. Its search is
reported as targeted rather than exhaustive; it is not a proof
of priority. No first-publication claim is made. A later source
showing the same full-rank theorem for this mode family
would require repositioning or withdrawal.

III. DELAYED ASYNCHRONOUS AVERAGING MODEL

Fix an integer D ≥ 0 and a self-weight

0 < θ < 1, q = 1− θ.

At each primitive action exactly one agent updates. For a
selected read age r ∈ {0, . . . , D}, the two update modes are

U1,r :

{
x+
0 = θx0 + qyr,

y+0 = y0,
(1)

and

U2,r :

{
x+
0 = x0,

y+0 = θy0 + qxr.
(2)

Every action shifts the delay registers:

x+
s = xs−1, y+s = ys−1, 1 ≤ s ≤ D. (3)

Equations (1)–(3) define row-stochastic matrices

U1,r, U2,r ∈ RM×M .
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The model is the bounded-age recurrence itself. It assumes
that the selected delayed sample exists and is eligible. It
does not prove a packet-delivery, queueing, or incarnation-
management protocol. Those are separate causal-service obli-
gations in a network implementation.

A future schedule is an infinite word over the modes.
This article uses only period-two schedules in which each
agent updates once per period. Such schedules satisfy positive
self-weight, positive cross-weight, bounded age, and repeated
bidirectional influence.
Lemma 1. Consensus for the witness futures

Every period-two future used below converges to consensus.
There is a unique nonnegative unit-sum row π⊤ such that

x0(k), y0(k) −→ π⊤z(0). (4)

Proof
Every augmented mode matrix is row stochastic. In each

two-action period both directed influence edges are used with
positive weight q, and every current row retains positive
self-weight at least min(θ, q). The selected read ages are
at most D. Over a block of 2D + 2 primitive actions, a
positive coefficient from a current root can reach the other
current row after the required history propagation and can
then fill every augmented history layer through the shifts.
Hence the corresponding augmented product has a common
positive column. Subtracting that common column contracts
every scalar coordinate range by a factor strictly below one.
Repetition gives consensus of current and history rows. The
limiting map is linear and row-stochastic, so it has the form
1π⊤ with π ≥ 0 and π⊤1 = 1. Uniqueness follows from
convergence. □

This is a specialized common-column argument. It is not a
new delayed-consensus theorem.

IV. FUTURE-FUNCTIONAL RANK

For every convergent future σ, let πσ be the row in (4).
Define

OD = span{π⊤
σ : σ admissible and convergent} ⊆ (RM )∗.

(5)
Then

rF (D) = dimOD. (6)

For the proof, introduce three schedule families. Composi-
tion is written in action order from right to left.

For 0 ≤ b ≤ D, let

PAb
= U2,bU1,0, (7)

corresponding to agent 1 reading the current value of agent
2, followed by agent 2 reading age b from agent 1.

For 1 ≤ a ≤ D, let

PBa = U2,0U1,a. (8)

Finally, for D ≥ 1, let

PCD
= U1,0U2,D. (9)

Write their normalized stationary rows as

π⊤
Ab

, π⊤
Ba

, π⊤
CD

.

Each is an endpoint functional by Lemma 1.

V. STATIONARY-BALANCE STRUCTURE

Write a generic stationary row in block form

π⊤ = (α0, . . . , αD, β0, . . . , βD). (10)

All indices outside 0, . . . , D are assigned coefficient zero.
Lemma 2. The Ab family

For A0,

π⊤
A0

=

(
θ

1 + θ
, 0, . . . , 0,

1

1 + θ
, 0, . . . , 0

)
. (11)

For A1,

π⊤
A1

=

(
1

2
, 0, . . . , 0,

1

2
, 0, . . . , 0

)
. (12)

For every 2 ≤ b ≤ D, the row πAb
has the following

properties:
1. βs = 0 for every s ≥ 1; 2. αs = 0 for every s ≥ b; 3.

αb−1 > 0.
Proof

For b = 0, one period acts on current values by[
x+
0

y+0

]
=

[
θ q
qθ θ + q2

] [
x0

y0

]
,

while all history registers are transient. Solving the two-state
stationary equation gives (11).

Now take b ≥ 1. Expanding π⊤PAb
= π⊤ gives, for s ≥ 1,

βs = βs+2. (13)

The boundary condition beyond delay D therefore gives

βs = 0, s ≥ 1. (14)

The current y-coefficient equation gives

β0 = α0 + α1. (15)

The x-coefficients satisfy

αs = θβ01{s=0} + qβ01{s=b−1} + αs+2. (16)

For b = 1, both forcing terms in (16) occur at s = 0, giving
α0 = β0, αs = 0 for s ≥ 1, and hence (12) by normalization.

For b ≥ 2, backward evaluation of (16) gives αs = 0 for
s ≥ b and

αb−1 = qβ0. (17)

If β0 = 0, (14) and backward evaluation of (16) make every
coefficient zero, contradicting normalization. Thus β0 > 0.
Since q > 0, (17) is strictly positive. □
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The recurrence also gives closed forms for every coefficient,
but only the support and the highest nonzero history layer are
needed below.
Lemma 3. The Ba and CD families

For every 1 ≤ a ≤ D, the row πBa satisfies
1. αs = 0 for every s ≥ 1; 2. βs = 0 for every s > a; 3.

βa > 0.
The row πCD

satisfies
1. βs = 0 for every s ≥ 1; 2. αD > 0.

Proof
For Ba, stationarity gives

αs = αs+2, s ≥ 1, (18)

so every αs with s ≥ 1 vanishes by the upper boundary.
The current equation gives

α0 = θβ0. (19)

The y-coefficients obey

βs = qβ01{s=a} + (θβ0 + β1)1{s=0} + βs+2. (20)

Thus βs = 0 for s > a, while

βa = qβ0 > 0. (21)

If β0 = 0, (18)–(20) make every coefficient zero, contra-
dicting normalization. Hence the normalized current mass is
positive, and q > 0 gives the last inequality.

The schedule CD is obtained from BD by exchanging the
two agent labels. Its stationary row therefore has no positive-
age y-coefficients and has a strictly positive coefficient on xD.
□

VI. FULL FUTURE-FUNCTIONAL RANK

Theorem 1. Complete historical distinguishability
For every integer D ≥ 0 and every θ ∈ (0, 1),

rF (D) = 2(D + 1). (22)

For D ≥ 1, the following 2D+2 period-two futures already
form a basis of the augmented history dual:

{A0, A1, . . . , AD, B1, . . . , BD, CD}. (23)

Proof
The rank cannot exceed M = 2D + 2.
Assume first that D ≥ 1. The rows πA0 and πA1 are

linearly independent because their current-coordinate ratios are
respectively

θ : 1 and 1 : 1,

and 0 < θ < 1.
For b = 2, . . . , D, Lemma 2 shows that πAb

has a nonzero
coefficient on xb−1, while every previous row

πA0 , . . . , πAb−1

has zero coefficient on that coordinate and on every later
x-history coordinate. Therefore each πAb

increases the rank
by one. The D + 1 rows

πA0 , . . . , πAD

are independent.
Every Ab row has zero coefficient on every positive-age y-

coordinate. For a = 1, . . . , D, Lemma 3 shows that πBa has
a nonzero coefficient on ya, while every earlier B-row has
zero coefficient on that coordinate and on every later y-history
coordinate. Hence

πB1 , . . . , πBD

add D further independent directions.
The span constructed so far contains no xD component: the

Ab family reaches only through xD−1, and the Ba family has
no positive-age x-coefficients. Lemma 3 gives

(πCD
)xD

> 0.

Therefore πCD
supplies the final independent direction. The

witness rows have rank

(D + 1) +D + 1 = 2D + 2 = M.

For D = 0, use the two opposite update orders

U2,0U1,0 and U1,0U2,0.

Their endpoint rows are(
θ

1 + θ
,

1

1 + θ

)
,

(
1

1 + θ
,

θ

1 + θ

)
,

which are independent because θ ̸= 1. Thus rF (0) = 2. □

A. Interpretation

Each individual future compresses the augmented history
to one scalar endpoint. The family of admissible futures does
not. Different schedules act as different linear probes, and the
explicit period-two family separates every historical direction.

The result is stronger than the claim that delay affects the
endpoint. It says that, for this protocol, no nonzero pertur-
bation of the initialized delayed history is invisible to every
admissible future.

VII. HISTORICAL REPRESENTATION LOWER BOUNDS

The next statements are standard consequences of full ob-
servability. They are included because they state the restoration
meaning of Theorem 1.
Corollary 1. Minimum linear summary dimension

Let

C : RM → Rr

be a linear historical encoder. Suppose that for every admis-
sible future σ there is a linear decoder dσ satisfying

dσ(Cz) = π⊤
σ z for every z ∈ RM . (24)



BOLDUC: FUTURE-FUNCTIONAL RANK 5

Then

r ≥ M = 2(D + 1). (25)

The identity encoder attains equality.
Proof

Equation (24) implies

spanΠD ⊆ rowspanC.

Theorem 1 gives dim spanΠD = M , while
dim rowspanC ≤ r. □

This is a concrete application of switched-system observ-
ability, not a new general minimal-realization theorem.
Corollary 2. Continuously differentiable encoders

Let U ⊆ RM be nonempty and open. Suppose a C1 encoder

e : U → Rr

and C1 decoders d1, . . . , dM , defined on an open neighbor-
hood of e(U), exactly reproduce the endpoint values for the
M witness futures in Theorem 1. Then

r ≥ M. (26)

Proof
Stack the witness rows into the nonsingular matrix

L =

π⊤
1
...

π⊤
M

 .

Define d = (d1, . . . , dM ). Exact reproduction gives

d(e(z)) = Lz.

Differentiation at any z ∈ U yields

Dd(e(z))De(z) = L.

Therefore

M = rankL ≤ rankDe(z) ≤ r.

□
The claim does not cover discontinuous exact-real encod-

ings that interleave infinitely many digits into one scalar. Any
finite-bit or regular representation requires its own declared
model.
Corollary 3. Independently initialized positive probability
rows

Let each of the M initialized rows independently belong
to ∆+

m, with m ≥ 2. A chosen scalar coordinate has all M
local augmented directions available, so Theorem 1 separates
them. If a C1 encoder and C1 witness decoders reproduce the
complete endpoint probability row on a nonempty relatively
open subset of this product-simplex domain, the required
encoder dimension is at least M(m − 1). Storing the first
m − 1 coordinates of every row attains that dimension with
the public normalization constant.
Proof

At any positive base table, vary one objective coordinate
in each row and compensate in a second coordinate. A
sufficiently small open box of these M changes preserves
positivity and normalization. This establishes the scalar slice
assertion without asserting trajectory reachability.

For the complete-row assertion, use the first m− 1 coordi-
nates as a chart of the product-simplex interior. The chart is
open in RM(m−1). Stacking the first m−1 output coordinates
for the M witness schedules gives a linear map with matrix
L ⊗ Im−1, up to a fixed coordinate ordering. Its rank is
M(m− 1). The chain-rule argument of Corollary 2 therefore
gives the claimed lower bound. Coordinate storage reproduces
those coordinates and the last follows from unit sum. □

The row data are freely initialized. Positivity and normal-
ization alone do not prove that every table is generated by
a preceding sequence of (1)–(3). On a restricted coherent-cut
domain, representation dimension must instead be assessed on
its actual degrees of freedom. Equality of all future scalar
endpoints still distinguishes any two different states in that
restricted domain, because Theorem 1’s ambient kernel is zero.

VIII. SCHEDULE-ROBUST RESTORATION

Let zref ∈ RM be a reference history. An intervention
parameter u ∈ Rp produces

z(u) = z0 +Bu, B ∈ RM×p. (27)

Call the intervention schedule-robustly restoring when

π⊤
σ z(u) = π⊤

σ zref for every admissible future σ. (28)

Theorem 2. Full-history restoration criterion
Under the model of Section III, (28) holds if and only if

z(u) = zref . (29)

For the affine intervention (27), schedule-robust restoration
is therefore equivalent to

Bu = zref − z0. (30)

Proof
The reverse implication is immediate. For the forward

implication, apply (28) to the M witness futures in Theorem
1. Their rows form a nonsingular matrix L, so

L(z(u)− zref) = 0

implies z(u)− zref = 0. Substituting (27) gives (30). □
Corollary 4. Generic intervention obstruction

Let rB = rankB. The discrepancies that can be repaired
schedule-robustly form the subspace

imB

of dimension rB . When rB < M , an arbitrary discrepancy
in the unrestricted ambient space RM is generically not
repairable (the repairable subspace has Lebesgue measure zero
and its complement is open dense). A restricted admissible
discrepancy space can lie in imB even when rB < M . In
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particular, a p-parameter intervention with p < M cannot
robustly restore every initialized history.

This conclusion concerns restoration against the complete
schedule family. A prescribed single future imposes only one
scalar endpoint equation and may admit a low-dimensional
restoring intervention. That distinction explains why a new-
comer preference can restore one specified round trip while
failing to restore every admissible delayed future.

IX. EXACT EXAMPLE AT DELAY DEPTH ONE

Take

D = 1, θ =
1

2
,

and order the history as

z = (x0, x1, y0, y1)
⊤.

Four admissible futures from the witness family have end-
point rows

π⊤
A0

=

(
1

3
, 0,

2

3
, 0

)
,

π⊤
A1

=

(
1

2
, 0,

1

2
, 0

)
,

π⊤
B1

=

(
1

4
, 0,

1

2
,
1

4

)
,

and

π⊤
C1

=

(
1

2
,
1

4
,
1

4
, 0

)
.

The determinant of the resulting 4× 4 matrix is

− 1

96
̸= 0.

Consequently, four exact endpoint values for the same
initialization, one for each displayed future, reconstruct that
history linearly. These are counterfactual queries or separately
reinitialized executions; one irreversible trajectory supplies one
endpoint, not four. The limits are asymptotic ideal data, so
this statement supplies neither a finite-time nor a noise/finite-
precision reconstruction guarantee. No current-state statistic
can substitute for those histories. In particular, two executions
may have identical (x0, y0) and different (x1, y1); one of the
delayed futures above separates them.

X. COMPUTATIONAL VERIFICATION

The accompanying script constructs the augmented mode
matrices, solves each period product’s normalized stationary
left-vector equation using exact rational arithmetic, assembles
the witness matrix and checks its rank and determinant.

The recorded run covered

D = 0, 1, . . . , 12

and

θ ∈
{
1

5
,
1

3
,
1

2
,
2

3
,
3

4
,
4

5

}
.

All 78 exact cases produced the expected square witness
matrix and full rank

2(D + 1).

The computation is corroborative. The universal theorem
follows from the support argument in Lemmas 2–3, not from
finite enumeration.

The script does not verify packet causality, finite-precision
arithmetic, larger graphs, arbitrary mode weights varying by
action, or a hardware implementation.

XI. BOUNDARIES AND COUNTEREXAMPLES

A. Restricted coherent cuts can have lower intrinsic dimension

For D = 1, a known last update of agent 1 leaves y0 =
y1, because agent 2 holds while its register shifts. On that
restricted domain, the linear summary

Cz = (x0, x1, y0), R(Cz) = (x0, x1, y0, y0)

has dimension three and reproduces every future endpoint
by dσ(Cz) = π⊤

σ R(Cz). A last age-one update realizes
an open neighborhood of this hyperplane around a constant
positive history: before the update choose the other agent’s old
age-one value as (x0−θx1)/q, which stays positive and below
one for sufficiently small perturbations. Thus the unrestricted
four-coordinate lower bound cannot simply be carried to this
fixed-phase coherent-cut class. The ambient endpoint matrix
still has rank four, and equality of all endpoints still forces
equality of the complete (partly redundant) history.

B. One fixed future does not require the full state

For one prescribed future, only one endpoint functional
matters. A one-dimensional scalar summary can store that end-
point exactly. Full historical dimension arises from requiring
one representation to answer every admissible future endpoint
query.

C. Full rank is not a claim about all consensus protocols

Doubly stochastic synchronous averaging preserves the
arithmetic mean and exposes one fixed functional. Holonomic
matrix families can also make the limit independent of order.
Theorem 1 concerns the specific asynchronous bounded-age
mode family in Section III.

D. The result is not a packet theorem

The recurrence permits a delayed read selected from an
initialized history. A network implementation must separately
prove that a corresponding immutable source value exists, is
delivered, remains eligible and is consumed with the declared
age. Full rank obtained from fictitious unavailable packets
would be irrelevant. This article does not make that imple-
mentation claim.
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E. Physical tasks can have lower rank

A physical target may project probability rows through
an anchor matrix. If that projection annihilates some priority
directions, the physical task can require less historical infor-
mation than exact priority restoration. Theorem 1 applies to
the scalar consensus coordinate before such a task projection.

F. Larger graphs remain open

The proof uses the exact support pattern of two-agent period-
two schedules. It does not imply

rF = n(D + 1)

for general n, topology or scheduling constraints. Additional
invariants may reduce rank, and additional schedules may
enlarge it.

G. No nonlinear finite-bit claim is inferred

Corollary 2 excludes low-dimensional exact C1 encoders
with C1 decoders on its nonempty open domain. Finite-
bit approximate representation requires a separate minimax
distortion analysis. Discontinuous encodings into exact reals
are outside the claim.

XII. CLOSING SOURCE COMPARISON AND LIMITS

The supplied literature memo reports a targeted search
across switched realization, consensus observability, holo-
nomic gossip, delayed endpoints and stochastic chains. Its
absence-of-overlap conclusion is attributed, not an exhaustive
priority certificate.

For this revision, the relevant original passages in [1],
Sections 3–4, define finite-word input-output observability and
require both span-reachability and observability for minimality.
They provide context; the asymptotic endpoint rank and static
representation consequences here are proved separately. The
inspected local-matrix and theorem passages of [3], Section 2,
require positive bidirectional pair weights. Our one-agent up-
date and shift modes are different. The inspected theorem/limit-
set passages of the preprint [4] concern its fixed weighted
graph and holonomy assumptions; they are not an application
theorem for our changing delay taps. The inspected [10] state-
ments require strongly aperiodic chains and additional con-
ditions for uniformly positive absolute probability sequences;
those hypotheses are not claimed for our zero-diagonal shift
rows.

Other references retain the supplied dossier’s stated topic
comparisons and retrieval limits. No literature claim is used
as a substitute for a step in the rank proof. The candidate
distinction remains the explicit full-span witness family for
the declared modes and free initialization domain. Whether
the same specific result has appeared elsewhere remains un-
resolved; no novelty, general resource optimum or historical-
priority claim is made.

XIII. CONCLUSION

A delayed consensus endpoint is one scalar functional of
initialized history. An admissible future schedule determines
which functional is applied. In the declared two-agent asyn-
chronous averaging process, a finite explicit family of period-
two futures spans the entire augmented-history dual. Every
historical coordinate can therefore alter the endpoint under
some valid future.

The principal consequence is exact and negative. In the
independently initialized model, schedule-robust restoration is
equivalent to equality of the complete augmented histories.
Restricted coherent-cut domains retain that equality test but
can have lower representation or intervention dimension. A
low-dimensional intervention can repair one prescribed future
while being structurally incapable of repairing arbitrary history
against all admissible futures.

The theorem is deliberately narrow. It does not replace
switched-system realization theory, classify general stochastic
products or solve open-network packet service. Its value is
that it closes the abstract future-functional condition in one
nontrivial delayed consensus class.

XIV. AI-USE DISCLOSURE

This work was developed with assistance from AI agents
operating within the HORTRAME Systems research archi-
tecture. Depending on the research stage, these agents con-
tributed to literature analysis, mathematical formulation, proof
reconstruction, adversarial review, counterexample search, sim-
ulation and code analysis, verification design, reproducibility
checks, revision, and manuscript preparation. AI-agent outputs
were treated as research artifacts subject to verification and
correction rather than as independent authority. G. Bolduc is
the human author responsible for the manuscript, its claims,
source selection, and publication decisions. AI-agent review
does not constitute independent human peer review, proof-
assistant certification, experimental validation, or publication
acceptance.
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